Mathematics DIFFERENTIAL EQUATIONS

Definition:

A differential equation is one which contains differential coefficients or differentials

Types:

1. Ordinary: ordinary differential equations are those which involve the differential coefficient

with respect to a single independent variable.
Eg: dy = tan x dx

-% +2y =0

2. Partial: Partial differential equations are those in which there are at least two or more
independent variables and partial differential coefficients with respect to any one of them

- 2 02 0z _
Eg: X +)?av
%z *u
we o 0

ORDER & DEGREE OF DIFFERENTIAL EQUATION
The order of a differential equation is the order of the highest derivative appearing in it.
The equation

dy = tan x dx is of first order and

- % +2y =0 is of second order

The degree of a differential equation is the degree of the derivative of the highest order, which is
found in the equation, after it is cleared of radicals and fractions.

mecamen %1 1121 o (47 L

Is of second degree and second order.
Note: 1. The solution of a differential equation is also called its primitive
2. The solution of a differential equation which involves as many arbitrary constants as its
order is called the most general solution. Thus the most general solutihooflern
differential equation will contain n arbitrary constants.
3. To form a differential equation corresponding to a given solution containing arbitrary
constants, we differentiate it as many times as are necessary and then eliminate the
constants.

Eg: The differential equation of simple harmonic motion is given by
X =Acos (nt + h), A & h are constants
[0 dx /dt =-Anx Sin (nt + h)
O o / df = -rf An cos(nt + h) = - 7
O o’x / df + m’x = 0 is the required equation

2. The differential equation of all circles of radius ‘a’ is
the equation of circle with (h, k) as centre & radius ‘a’ is
(x—hY + (y -k} =
On differentiating twice i.e.,
2x—h)+2(y—k)dy/dx=0 ; (x—h)+ (y—Kk)dy/dx=0
0 1+ (y—k)dy/dx + (dy/dxyf =0
(Contd...2)
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(y-k) = - 7y
2
d
[
and (x-h) = -(y-k):%(/ dzjx
dx

Substituting (y-k) & (x-h) in equation (1) we get

{1 +[de J %[dzyJ is the required equation.

3. The differential equation of all circles which pass through the origin and whose centres are on
the x-axis is
Sol: Let the centre of one such circle be at the point (a, 0)
(x-af + (y-0f =&

0 x> +y —2ax=0
dy _ _ dy
D2x+2y$( -2a=0Q1 2a—2x+2m

[0 The differential equation formed is

X2 +Y?—x [2x+2yd)J

- X% - 2xydy =0

FIRST ORDER NON-LINEAR ORDINARY DIFFERENTIAL EQUATIONS:
1. Equations where variables are separable:
If in an equation it is possible to collect all functions of ‘x” and dx on one side and all the
functions of 'y’ & dy on the other side, then the variables are said to be separable
General form f(y) dy = g(x) dx
On integrating both sides, we get
[f(y) dy =[g(x) dx + C as its solution
Eg: Solve% =1+ Xx+y+xy

Sol. xy 3_2(/ = (1+X) +y(1+x) = (1+x)(1+y)

y X+

y & {5 o
1- dy = (1 + 1/x)dx
[ 1+yJ y = )

On integrating both sides we get
1
f [ -1+y] dy = (1 + 1/x) dx

—log(1+y) =x + log(x) + C

(y —x) —log x(1+y) = C
2. dy/dx = xé**and y(0) = 0

dy/dx = x & &

0 e¥dy =xe* dx ] [e¥dy=[e* [ZTX] dx

gl-1=€"/-2+C (Contd...3)
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As y(0) =0,
€%=-¢%2+C
1=-1/2+dl c=-1+1/2=-1/2
Required equation,
= g% 12

-2
De = ¢’ +1 0 2¢-¢*" -1=0
2
Note : The above problem in which initial condition y(0) = 0 is given, it is called as initial value

problem.
2. Homogeneous Equations
The equations of the form dy / dx = f(X, y) / g(X, y) is homogeneous when f(x, y) &
g(X, y) are homogeneous functions of the same degree in x & y.
To solve this type of equation
i) puty=vxO dy/dx =v + x dy/dx
i) separate the variables v & X, and integrate
Eg: 1- Solve (x—y?) dx =2xydy

2
X J—
32(/ = nyyz IS homogeneous in X &y

Puty =vx dy/dx =v + x dv/dx
dv X2 — VX2 1 -V
\Y

Sol:

VEX o T 2xwx T 2
xdv = 1V - v = 1-3/
dx 2V 2V

Y]
1_37 dv =dx/x

Integrating on both sides,

2v_dv
I 1_3\; :I dx/x
0 -1/3 log(1-3%) = logx + ¢
O 3log x + log (1-3%) =-3c

logX(2-3V) =-3cloge
O x3(1-3%)e™* =k
O x(*=3y) = k
3. Linear Equations :
A differential equation is said to be linear if the dependent variable and its differential
coefficients occur in the first degree and not multiplied together.
Standard form:  dy/dx +Py = Q
Where P & Q are functions of x
Solution: y(I.LF) =Q(l.Fdx+c
Where I.F is called integrating factor & I.F & &
Eg: 1. Solve x log x dy/dx +y =log x
Sol: dy/dx +y/xlog x =2/x
P=1/xlogx, Q =2/x
.E = él/xlogx dx :elog(log X) — Iog X
Solution if y(I.LF) =[ Q(l.LF) dx + ¢
ylogx=[2/x logx dx +¢c
ylogx =(logxj+c
O y =logx +c/logx
(Contd...4)
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4. Exact differential equations:
a) A differential equation of the form
M(Xx, y)dx + N(x,y)dy = 0
Is said to be exact if its left hand member is the exact differential of some function u(x, y)
ie.,
du=Mdx + Ndy 0

O It solutionis u(x,y) =C

b) The necessary and sufficient condition for the differential equation M dx + N dy = 0 to be
exact is
M _ N
ady ~—  oOXx
c) The solution of Mdx + Ndy=0is
fMdx +[ (terms of N not containing x) dy = C, (y is constant)
provided oM ON
9y ox
Eg: Solve (ycosx+Siny+y) dx +(Sinx+xCosy+x)dy=0
Sol: Mdx+Ndy=0
M=ycosx+Siny+y N = Sinx + XCosy +Xx
OM = Cosx+Cosy+1dN = Cosx+Cosy+x
ay 0x
OoM  oN
oy 0x
Solution isf (y cosx +siny +Y)dx f0dx = c
O ySinx+xSiny + xy C
OySinx+x[Sihy+y] = ¢

Exercise

o

. Solve (xy +x) dx + (yX+y)dy = 0

. Solve dy . —).(( 2logx +1)
dx Siny+ycosy

N

dy
3. dx

x <

RN
a N

& X

13

‘l\)

<
<

X,

)

%

oo

N

.&¥Seéydy = dx +xdy

. (¢ —ay)dx = (ax—9 dy

Ye¥dx + (x&+2y)dy=0

. [y(L+1/x)+cosy]dx + (x+log x—x Siny)dy =0

© 00 N O

KEY
1. (y"+1) (¢ +1) = ¢ 2.y Siny =5logx + ¢
3.y =2 x tafi(cx) 4.>%/+y2:cx‘°’
5.y =(x+ 1%/ 2 + c(x+1% 6.xé—tany = ¢
7. +y —3axy=c 8+y=c
9.y(x +logx) + x cosy = ¢

(Contd...5)
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Linear Differential Equations :
Definitions:

Linear differential equations are those in which t he dependent variable and its
derivatives occur only in the first degree and are not multiplied together. Thus the general linear
differential equation of the*horder is of the form

dny dn- n-
Forp Y wp Y = 4y = x
dX an-l an-Z
Where p, p2......... ,Pn and x are functions of x only
Linear differential equations with constant coefficients are of the form

d" - )
B g o gy e

Where K, K........ K, are constants
O (D"+ K D"+ KD .o, +K)y=0
is a differential equation of order’x’.
The symbolic coefficient
D" + KiD"M4K,D" 2+ ... +K, =0
is called the auxiliary equation (A.E) withyymy, mg,......... my as its roots

Solution of linear differential equation:
The complete solution of the equation is
Y=u+v
Where ‘U’ is called complementary function (C.P) and ‘v’ is called particular integral (P.I)
Complementary function can be found by finding the roots of the auxiliary equation.
C.F may be written as

Roots of A.E C.F

1. Real and different roots;mm, mg lL.gd" "+ + g+ ...

2. Two real and equal roots; jmy, mg 2. (+oX)E" S+ e+ ..

3. A pair of imaginary roots * i ms.... 3. &% (ccoPX + G SiMBx) + ¢ €™

4. Two pairs of equal imaginary roots Flee1 + X)CosPx + (G + &x)Sin BX)
a+iB,axip, ms.... +g @™+

Inverse Operator:

1. 1 X is that function of ‘X’ not containing arbitrary constants which when operated upon
f(D) by f(D) gives X i.e.,

f(D)BﬁX] = X

Thusﬁ)) X satisfies the equation f(D) y =X and is therefore called a particular integral
2.1/D X =[Xdx

3. 1 X=%®xe® dx

D -

Rules for Finding Particular Integral
A differential equation,

(D" + K:D" + KD™2 4 L +K)y =X
has its particular integral,
1 1
Plo+kp+ ) X fo X
Casel When X =&

. .
o) < = Ti) xeé*  (iff(a)z 0) (Contd...6)
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X. f%) x & ([iff(a) =0 & fi(a) #0)
N S (if *{a) # 0 & f(a) = f(a) = 0)

Case Il When X = Sin(ax+b) or Cos (ax + b)

xSin(ax+b) = —=5 xSin (ax + b) (it (-3 £ 0)

1
f(D?) f(-a%

x Sin(ax +b) (Iff(-3 =0 & f(-a) z0)
Similarly, -1 Cos (ax + b)
= f(_Laz) x Cos (ax + b) (If f(-3 # 0)

fl% 2)>< Cos (ax + b) (ff(-§=08& f(-&)#0)
-a

xzflT%az) Cos(ax + b) (ff(A=f(-a%) =0 & %-a®) £ 0)

Case lll When X =X L

(D)

[f(D)] * is expanded in ascending powers of D as for the ternf iand operate on™x term by
term. Since (m+1)and higher derivatives of’are zero and we do not consider terms beyond
D™,

Note:

Some useful expansions
(1+D)*=1-D+DB-D*+D* ...........
(1+D)'=1+D+D+D*+D* ...........

x XM = [f(D)]* X"

d =1+ 42(2—? XT o

¢ =1, +§—T g L
sinhx=8 5% =€ 21 o)X &
Coshx-exze_X :ez;g1 :1+)2(—j -ﬁ; + ...
L09(1+X)=X-§24§§4 +§ ;.
g =X XXX,

_ X x* 23 X
& =1+x-7; logat; (log )5! (log & +....
Case IV X=8& & V=g(x)
Pl=F &v=e 1

~f(D) f(D+a)
(Contd...7)
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CaseV X some other function of X

_ 1
P.lI.= f(D) X
TE) is resolved into partial fractions and operate each partial fraction on & remembering that
1
D-a X = &fxe™dx
Worked Out Examples
1.

%d d —
Sol +;_Y -24yv =0
OVEd dx Yy

Sol: Given (B+2D-24) y=0
AEO mM+2m-24=00 (m+6)(m-4) =00 m=-6,4
The roots are real & different

0 Solutionisy = &+ ¢ ™

2. Solve (B-6D +13)y=0
sol: AED nf-6m+13=00 m = 32i
The roots are imaginary & occur in conjugate pairs
0 Solution is y = & (c1 c0S2X + € Sin2x)

3.P.lof (’—4D + 3)y = &is

I S o1 _ 1 X
Pl= p2_ap+s € = #-a2)+3 € 7 16-8+3°€

P.l = -&
4. Plof(D+D°+D+1)y=28+3¢—4x+5

P.l= (Dstzj;El) (2% + 3X — 4x+5) = (m) (2%+ 3X— 4x +5)

= (1+D)(1+D%) ™+ (23+3x%— 4x+5)
On expanding (1+D)& (1+D?™ we get
= (1-D+DF-D°) (1-DF) (2 + 3¥ — 4x + 5)
(1-O7 —-D+D*+D*-D%) (25¢ + 3% — 4x + b)
(1-D)(2X4+3x°—4x+5) = (1-D) (P¢3x°-4x+5)
= 2X%+3X°—4x+5-6X-6x+4 = 2%+3x°—10x+9

5. C.F of (O + 307 + 2D)y = X is
AEO m*+3nf+2m =00 m(m+1)(m+2) =00 m =0, -1, -2

6. P.l of (30+D — 14)y =138 is

1 _ 1
Pl 357D 14 138 = ©=2 @D7)
1 1 13 = 1 &
(D-2) (3(2)+7) (D-2)

x=11é&=xe (f(a=0&f@)z0) (P.I =x Fl%—a) (<)
7. P.l of (OF +D+1)y = Sin2x is

1 1 .
P.10 (D?+D+1) SIN2x= 17511 sin2x

1 D+3 : 1 .
D-3 DZ_g SN2X 79 (D+2) sin2x

(1/-13) [ 2 cos2x + 2 sin2X] (Contd...8)
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8. P.I of (0—3D%+3D-1)y = X ' is
1 2
PID oim &

X — X 1
TE) €x =€ o) X

I I
@ o
[
[> [
<
o
Il
M
O
>

Exercise
Solve the following

1. (D+3D)y = 0

2. (DP+&)y =0
3.D'=n)y=0

4. (DP—2D+1)y =x
5. (D+1)y = ¥

6. (O*-3D—4)y = &

Find P.I of the following
1. (D+2D+2)y = 3+2&
2. (D-1f(D-2)y = ¥
3. (D*+4D+4)y = cosh2x
4. (D*-1)y = (&+1)
5. (D*+3D*+4D-2)y = cosx
6. (D*+4)y = 3 co8x
7. (D*+4)y = x Sinx
KEY

2¢ X2  Bx 1 & ¢ &
5 2.% +—2 4—4 3.5 : e 4, 7 + 2/3%e-1

=
N oo

X Sinx
5. —1/10[3sinx + cosx] 6. 3/8[1+x sin2x] 3 - 2/9 cosx

Linear Equations with Variable Coefficients
An equation of the type given by
n-
X % + ax™ g_xlynl +o.o . HRIX g_i +ay = X ...()

Where a, &,.......... & are constants and x is a function of ‘X’ and it is called a homogeneous
linear differential equation.

The equation (1) can be transformed into linear equation with constant coefficients by
introducing a new variable Z = log x

When Z =log x, dzZ/dx = 1/x

dy dy dz 1

O gx = dz ax x

dy _dy _ _
O x & —d7 - Dy  where D =d/dzZ
Similarly 2
X 3% = D(D-1)

(Contd...9)
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xdy - D(D-1)(D-2) andsoon

dx’
[Jequation (1) transforms into
DD-1)........ (D -n+l1l) +&D(D -1).......... (D —n+2)+........ D +aly=2

Where Z is a function of Z into which X is changed

Eg: 1. Solve gi%/, + 9% gixyz +18; %: + 6y = 1/x
Solutions:
Putting x =&0 Z =log X
@=d/dz; D=d/dx; xD8; XD?=6(0-1); XD°>=86(6-1)(6-2)
(x*D® + 9X’D?+18xD +6)y = 1/x
[6(6-1)(6-2)+ B(B-1) + 18 + 6]y =1/
[6° + 602 +110 +6]y = &°
using the earlier methods of solving a differential equation
y=C.F+P.l
e A -
Exercise

1. The order of the differential equatifn Ljedyt 3[%(} is
dx

a)1 3 )2 d) 4
2. The degree of the differential equatitfn_ldy = E[ﬂll is
d d
Al b2 o3 d)o

3. The equation fx+ y? + x) dx + xy dy =0

a) homogenous b) linear iny C) exact d) none of the above
4. An integrating factor of {¢+ y? + 1) dx —2xy dy =0 is

a) 1/% b) x c)y d) - %
5. An integrating factor of dx + x dy Z'dogy dy is

a) & b) & C) X d) &
6.2xy dx— (X +y*+ 1) dx =0 is

a) Bernonth equation b) a linear equation

C) an exact equation d) non-homogeneous equation

7. The orthogonal properties of xy =c¢ is
a)X+y=c b) xy = ¢ c)k—y=c dX=c

8. An integrating factor of (dy/dx) — (6y/Xx) =x is
a) x° b) x c) Y d) ¥

9. The equation {« 2xy + 3y) dx + (4y + 6xy—X)dy = 0 is
a) linear b) homogeneous Cc) exact d) non exact

10.1f aydx + bxdy=0 is exact(a, b constant) then
aja—-b=0 bya+b=0 C)X=y dx+y=0

11. A differential equation will have
a) only one solution b) infinite number of solutions
C) solutions as many as order d) none of the above
(Contd...10)
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12. For the differential equation y=xdy + 5 ; 2=p0x is

~dx  dy/dx
a) the general solution b) a particular solution
c) a singular solution d) none of the above
13. An integrating factor of ydx—-xdy=0 s
a) 1/xy b) % c) 1/x d) none of the above

14. The differential equation with (1, X)@s the linearly indifferent solution is
a)(D+D+1)y=0 b)(B-D)y=0 c) (B+D)y=0 d@+D)y=0

15. If the functions 1,% from the fundamental system of y11 + ayl + by =0 then
a)a=3,b=0 b)a=0,b=3 c)a=-3,b=1 da=0,b=-3

16. The differential equation of the family y=c is

a) dy/dx =c b) dy/dx =0 c) (dy/dx) +c=0 d) none

17. An integrating functionof dy — 5y = ’5)3s
dx X

a) X b) x° c) X d) X
18. The solution of y+5y =28 y(0)=1 is

a)y = (1/3) (&+ 2 €™ b) y = (1/3) (e- 2 €

c)y=(&+2¢e b) none of the above
19. If 1, 2 are roots of auxiliary equation of f (D) y = X then f (D) = ---------- )

a)(D-1)(D+2) b) (D-1) (D-2) c)D(D-1) d)D (D -2)
20. The particular integral of 1 COS3X = --------- .

(D’ +9)
a) sin 3x b) x sin3x C) cos 3X d) x cos3x
6 6 6 6

KEY FOR DIFFERENTIAL EQUATIONS

1l.c 2.C 3.d 4.a 5.a 6.a 7.C
8.a 9.c 10.a 11.b 12.c 13.a 14.d
15.a 16.b 17.b 18.a 19.b 20.b

“ ALL THE BEST ”
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